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ABSTRACT: Understanding how the fractional area of different rain types, including shallow,

deep convective, and stratiform, varies with large-scale environmental conditions is fundamental

to advancing our knowledge of moist atmospheric processes. Yet this relationship remains poorly

quantified, especially at instantaneous timescales where observational uncertainty and inherent

variability pose challenges. In this study, we tackle this problem by integrating satellite-derived

rain area data from TRMM with environmental variables from ERA5, using a two-step frame-

work that combines conditional normalizing flows (CNFs) with symbolic equation discovery. The

CNF model reconstructs the full conditional joint distribution of three rain area types, capturing

their co-dependence and reproducing observed features such as the bimodal relationship between

convective and stratiform area. From these distributions, we extract the conditional means and

then apply equation discovery to derive compact analytical expressions that relate rain area frac-

tions to large-scale thermodynamic variables. The resulting equations reveal interpretable and

physically consistent predictors, such as lower-tropospheric stability, free-tropospheric moisture

deficit, and boundary-layer buoyancy, that act as both triggering thresholds and predictors of rain

area magnitude. These expressions capture well-known mechanisms in closed form, opening a

path toward stochastic, physically grounded parameterizations. Our phase-space analysis clarifies

how rain types evolve across sea surface temperatures and stability regimes, linking environmental

variability to the spatial extent of convective systems—crucial for precipitation prediction and

cloud–radiation interactions. Together, this framework provides a probabilistically robust, physi-

cally based approach for modeling rain area, with implications for both process understanding and

parameterization.
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1. Introduction29

Accurately predicting precipitation remains a major challenge in atmospheric science, despite30

significant advances in modeling and computational power (Dai 2006; Wilcox and Donner 2007;31

Flato et al. 2014; Kooperman et al. 2018). A key reason is that precipitation, particularly from32

convective systems, is highly sensitive to subgrid-scale processes such as turbulence (Tompkins33

2001b; Zuidema et al. 2017; Windmiller and Hohenegger 2019; Lochbihler et al. 2021; Shamekh34

and Gentine 2023; Orenstein et al. 2025), convective organization (Muller et al. 2022; Shamekh35

et al. 2023; Colin et al. 2019; Angulo-Umana and Kim 2023), and cloud microphysics (Singh and36

O’Gorman 2014; Charn et al. 2020; Morrison et al. 2020), all of which are difficult to explicitly37

resolve in global climate models (GCMs). These challenges are amplified at fast time scales (e.g.,38

instantaneous or sub-hourly), where precipitation is more stochastic and sensitive to unresolved39

variability. Yet this time scale is particularly important for extremes and impacts (Lenderink et al.40

2017). Conventional parameterizations primarily focus on vertical mass fluxes (Arakawa and41

Schubert 1974), such as those aimed at consuming Convective Available Potential Energy (CAPE),42

but often neglect the horizontal structure or spatial extent of precipitation.43

However, recent observational evidence suggests that changes in total precipitation are more44

strongly tied to variations in rain area, encompassing both convective and stratiform regions, than45

to changes in rain intensity (defined as precipitation amount per unit area; Ahmed and Schumacher46

2015; Zipser and Liu 2021). These findings underscore the need to better understand what controls47

the spatial extent of precipitation. While convective area is relatively well understood in radiative-48

convective equilibrium, (RCE; Manabe and Strickler 1964; Tompkins and Craig 1998), where49

radiative cooling constrains mass flux and thus convective area if the updraft velocity is unchanged50

(Agasthya et al. 2025; Robe and Emanuel 1996), the situation is more complex at the smaller spatial51

and temporal scales relevant to GCM grid cells and fast-time-scale variability. In these regimes,52

the atmosphere is far from equilibrium, and similar environmental conditions can give rise to very53

different convective activities due to unresolved processes and internal variability. This raises the54

question: can we derive predictive models for rain area at fast time scales where the systems are55

far from equilibrium?56

To investigate this question, we use a generative machine learning model, specifically, a condi-57

tional normalizing flow (CNF) (Rezende and Mohamed 2015; Kobyzev et al. 2020; Winkler et al.58

3



2019), to estimate the joint distribution of shallow convective, deep convective, and stratiform rain59

areas given the large-scale environmental variables. This approach captures not only the mean60

but also the variance, covariance, and higher-order structure of rain areas within 2° × 2° domains,61

where similar large-scale states can produce diverse outcomes. Unlike bin-averaging techniques,62

which may obscure variability and introduce bias, the CNF enables conditional sampling, produc-63

ing a range of plausible rain area configurations consistent with a given large-scale environment.64

Each sample can be viewed as a synthetic snapshot, akin to what a satellite might observe during65

a single overpass, providing a physically plausible realization of shallow, deep, and stratiform rain66

areas under specific atmospheric conditions.67

To enable interpretability, we use a concise set of physically motivated predictors derived from68

ERA5 reanalysis (Hersbach et al. 2020), including precipitable water, equivalent potential temper-69

ature, CAPE, vertical velocity at 500 hPa, and integrated or averaged humidity and temperature in70

the boundary layer and free troposphere (Bretherton et al. 2004; Neelin et al. 2009; Muller et al.71

2011). Precipitation data is taken from NASA’s Tropical Rainfall Measuring Mission (TRMM)72

gridded rain-type classification product (2A23, Version 7; Houze Jr et al. 2015; Mission 2011),73

which distinguishes between deep convective, stratiform, and shallow rain (Awaka et al. 2009).74

Our dataset comprises ∼300,000 samples from the ocean between 35°S and 35°N.75

Finally, we apply equation-discovery methods to the output statistics, such as the mean and76

standard deviation of rain area types, to derive simple, closed-form expressions linking large-77

scale atmospheric variables to precipitation area. This approach bridges statistical learning and78

physical reasoning, offering a step toward more interpretable and physically grounded precipitation79

modeling.80

The paper is organized as follows. Sections 2 and 3 introduce the data and methodology,81

respectively. Section 4.a presents the CNF-estimated joint distribution of stratiform and convective82

rain area conditioned on large-scale environmental variables. Section 4.b examines the structure and83

interpretation of the discovered equations that relate rain area to environmental drivers. Section 4.c84

analyzes how each term in the discovered equations varies across key environmental gradients, in85

particular atmospheric stability and sea surface temperature. Finally, Section 5 summarizes the86

findings and discusses implications for future parameterization development.87
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2. Data88

a. Rain–Type Area Data89

Our precipitation data are obtained from instantaneous retrievals by the Tropical Rainfall Mea-90

suring Mission (TRMM) satellite. The data are on a regular 0.05°×0.05° grid. In addition to91

near-surface precipitation rate (TRMM 2A25), we analyze the TRMM 2A23 radar product, which92

classifies observed tropical precipitation into shallow-convective, deep-convective, and stratiform93

regimes (Awaka et al. 1997). This classification is done for each rainy pixel. A rainy pixel is94

identified as belonging to the shallow regime if the storm’s height is 1 km or more lower than the95

estimated 0°C-isotherm; to the deep-convective regime if the maximum radar echo is sufficiently96

strong, or if it stands out against the mean reflectivity of the surrounding region, and is not shal-97

low; and as stratiform regime if either a so-called “bright-band” echo exists in the vertical radar98

reflectivity profile, indicating a layer of melting ice particles; or a rainy pixel’s maximum radar99

echo along the bean direction is too weak to be labeled convective (Awaka et al. 2009).100

Ten years of data (2000–2010) are extracted over four tropical–subtropical oceanic regions101

between 35°S–35°N: the Central Indian Ocean (CIO: 55°E–110°E, 35°S–10°N), the Maritime102

Continent warm pool (WMP: 105°E–178°E, 35°S–10°N), the tropical South America (SAM:103

95°W–25°W, 35°S–20°N), and tropical Africa (AFC: 30°W–60°E, 35°S–35°N). In all cases, only104

ocean grid points within these domains are retained to simplify interpretation, so land areas are105

excluded. Observations are provided as snapshots along the TRMM satellite swath, which is106

segmented into 2◦×2◦ boxes. A box is included if at least 90% of its area is covered by the swath,107

ensuring near-complete sampling. For each valid box we record both the surface rain amount and108

the fractional area covered by shallow convective, deep convective, and stratiform rain. Boxes are109

retained whenever the total precipitation is nonzero, meaning that at least one of the three rain110

types is present, though the others may be absent. Throughout the paper, rain area is denoted by111

the vector A = (𝐴shallow, 𝐴deep, 𝐴stratiform), representing the fractional areas of shallow, deep, and112

stratiform precipitation, each defined relative to the total area of a 2◦ × 2◦ grid box (see Fig. 1).113

Unless otherwise noted, all figures use the combined dataset from these four oceanic regions.114
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b. Large-Scale Environmental Fields115

Predictor variables come from ERA5 and are coarse-grained to the same 2◦ × 2◦ grid by block116

averaging; that is, by averaging all native ERA5 grid points that fall within each 2◦ × 2◦ box.117

We illustrate the data collection method in Fig. 1. TRMM provides instantaneous snapshots,118

whereas ERA5 variables may represent either hourly means or instantaneous values, depending119

on the variable. We linearly interpolate the ERA5 fields to the exact TRMM over-pass times. At120

this horizontal scale, large-scale variables evolve slowly, so the interpolation error is negligible121

relative to the smoothing introduced by the common spatial averaging. Any residual timing offset122

is therefore unlikely to affect the inferred relationships between environment and rain area. Table 1123

summarizes the variables used in this study and their data sources.124

Simplified two-layer (or few-layer) representations of the atmosphere are commonly used in125

theoretical and idealized studies of convection to highlight key physical mechanisms (Betts and126

Miller 1986; Bretherton et al. 2004; Neelin et al. 2009; Muller et al. 2009; Ahmed and Neelin 2018;127

Abramian et al. 2025). In contrast, most machine learning–based parameterization efforts ingest the128

full vertical profiles, creating a large set of predictors across all atmospheric levels (Gentine et al.129

2018; Yuval and O’Gorman 2020; Mooers et al. 2021; Hafner et al. 2024; Shamekh and Gentine130

2023; Falga et al. 2025). While this comprehensive approach is feasible and often beneficial131

for neural network models, it poses major challenges for equation discovery, because most these132

methods are sensitive to input dimensionality; as the number of predictors increases, both search133

efficiency and interpretability deteriorate. To balance physical relevance with tractability, we adopt134

a two-layer structure that captures the dominant vertical organization of moist processes: (i) the135

planetary boundary layer (hereafter PBL; surface–900 hPa), and (ii) the free troposphere (hereafter136

FT; 850–400 hPa).137

For each predictor, we compute a mean or vertically integrated value within each layer, reducing138

∼20 vertical levels to two features per variable (tab. 1). This layer-based compression preserves139

the essential distinction between surface-coupled and free-tropospheric processes; an abstraction140

widely used in convection studies. Previous works have emphasized the importance of including141

information from one or both layers, though their relative roles remain debated. Our approach142

retains these key physical controls while keeping the input space small enough to enable efficient143

and interpretable equation discovery.144
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We choose predictors that theory and past observational studies (as cited above) identify as the145

primary thermodynamic and dynamic controls on moist convection:146

• Integrated column water vapor (precipitable water, PW) and column-integrated relative hu-147

midity (CRH, defined as the ratio of PW to the saturation PW of the atmospheric column),148

each computed over the PBL and the FT. These quantify the ambient moisture availability and149

its vertical structure.150

• Equivalent potential temperature (𝜃𝑒) and its saturated counterpart (𝜃∗𝑒), averaged over the PBL151

and the FT, equivalent to entropy or saturated entropy (and similar to moist static energy),152

used in combinations to measure moist convective instability and moisture.153

• Surface temperature 𝑇𝑆 and free-tropospheric average temperature (𝑇𝐹𝑇 ), which set the lower-154

and middle-level thermal state for convection.155

• Vertical velocity at 500 hPa (𝜔500), a dynamical proxy for large-scale ascent or subsidence.156

• Convective available potential energy (CAPE), representing the parcel-integrated buoyant157

energy available for deep convection. CAPE is computed by lifting parcels of air departing at158

different model levels from below 350 hPa under pseudo-adiabatic, non-mixing assumptions,159

with simplified mixed-phase heating, and integrating their positive buoyancy relative to the160

environment.161

We denote the resulting feature vector, which has 12 variables, by XLS (see Table 1).162

3. Method175

a. Motivation and workflow176

Our goal is to express rain–area fractions as closed-form functions of the large-scale environ-177

mental state, XLS. This task presents two key challenges. First, the relationship between XLS178

and rain area is inherently stochastic: even for fixed environmental conditions, instantaneous179

fractional rain area can vary widely due to unresolved subgrid processes and internal variability.180

This randomness is further amplified by observational sampling uncertainties as depending on the181

satellite overpass, the instrument may capture the entire convective system or just a portion of182

it, introducing additional spread in the observed rain area. A common workaround is to bin the183
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1. Data collection

2. Learning the distribution: extracting the mean

3. Equation discovery: connecting environment to precipitation area

￼2∘ × 2∘

(%shallow, 
%deep, 
%stratiform) ￼∈ ℝ3

12 variables

￼2∘ × 2∘

Sample  A(i) =

Sample ￼  X(i)
LS = (set of 12 block averaged 

ERA5 variables) ￼∈ ℝ12

Compute fraction covered 
by each rain type

Coarse-grain: 
 block-averaged ERA5 data

One training sample: ￼[A(i), X(i)
LS]

TRMM trajectory

ERA5 Data

Base distribution 
￼p(z)

Full conditional 
distribution ￼p(A |XLS)

Transformation function ￼f −1
θ (z, XLS)

Training data = ￼   {A(i), X(i)
LS}N

i=1

a. Training a conditional normalizing flow to learn ￼p(A |XLS) b. Sampling and mean extraction

For each ￼  , sample ￼X(i)
LS {z( j)}M

j=1

f −1
θ (z( j), X(i)

LS) Take the mean of 
transformed samples ( ￼  )̂A(i, j)

￼Ā(i) = 1
M ∑

j

̂A(i, j)

Repeat for all ￼X(i)
LS Denoised data: ￼𝔻 = {Ā(i), X(i)

LS}N
i=1

Data: ￼𝔻 = {Ā(i), X(i)
LS}N

i=1

Input : ￼X(i)
LS

Symbolic Regression ￼Ā(i) = F (X(i)
LS)

Ādeep = c1
θe,pbl − θ*e, ft

θ*e, ft − θe, ft
+ . . .Example equation :

Fig. 1. A schematic summarizing our methods going from observations to equations. (1) Data collection.

TRMM precipitation swaths are intersected with 2◦ × 2◦ boxes. Within each box we compute the fractional

area covered by shallow, deep, and stratiform rain, forming a target vector 𝐴(𝑖) ∈ R3. In parallel, ERA5 fields

are coarse-grained to the same blocks and reduced to 12 large-scale variables, yielding a conditioning vector

𝑋
(𝑖)
LS ∈R12. Each training example is a pair

(
𝐴(𝑖) , 𝑋 (𝑖)

LS
)
. (2) Learning the distribution and extracting the mean.

A conditional normalizing flow learns the full conditional distribution 𝑝(𝐴 | 𝑋LS) by transforming samples from

a simple base density through a learned map 𝑓 −1
𝜃

(𝑧, 𝑋LS). For each 𝑋
(𝑖)
LS , we draw 𝑀 noise samples, obtain

𝐴̂(𝑖, 𝑗 ) ∼ 𝑝(𝐴 | 𝑋 (𝑖)
LS ), and compute the conditional mean 𝐴̄(𝑖) = 1

𝑀

∑𝑀
𝑗=1 𝐴̂

(𝑖, 𝑗 ) . Repeating this for all 𝑖 yields a

noise-free dataset {( 𝐴̄(𝑖) , 𝑋 (𝑖)
LS )}

𝑁
𝑖=1. (3) Equation discovery. The extracted pairs are used in symbolic regression

to identify interpretable equations of the form 𝐴̄ = 𝐹 (𝑋LS), linking large-scale environment to mean precipitation

area. For clarity, the distributions in panel (2) are drawn in two dimensions; in practice, 𝐴 is three-dimensional

and the flow learns a distribution in R3.
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data by one or two chosen predictors and fit the conditional mean within each bin. However, this184

strategy discards valuable cross-variable information, anchors the analysis to the chosen axes, and185

becomes unreliable in regions of sparse sampling. Alternatively, attempting to learn deterministic186

functional relationships directly from individual rain–area realizations would amount to fitting187

models to stochastic scatter rather than to reproducible conditional structure, resulting in unstable188

or poorly constrained mappings.189

Second, the dimensionality of the predictor space poses a major limitation for equation discovery.190

While we reduce the vertical complexity of the data by averaging variables over two physically191

motivated layers, the input space still contains a dozen environmental variables. As the number192

of predictors increases, the equation discovery search space expands rapidly, making it harder to193

extract efficient and interpretable expressions.194

To address these challenges, as illustrated in Fig. 1, we adopt a two-stage strategy. First, we train195

a conditional normalizing flow to learn the full probability distribution of the three rain type areas,196

conditioned on XLS. Sampling from this model yields smooth, noise-resistant estimates of the197

distribution’s moments, such as means, variances, and covariances, replacing highly scattered and198

stochastic rain-area data with stable conditional statistics that are robust to sampling noise. Second,199

we apply symbolic regression to the flow-derived moments. This separation allows the symbolic200

regression step to focus on extracting compact, interpretable relationships from the denoised data,201

rather than attempting to fit deterministic equations to inherently noisy realizations. Beyond its202

role in enabling equation discovery, the CNF-based conditional distributions are valuable in their203

own right, providing a flexible framework for sampling, uncertainty quantification, and diagnostic204

analysis of rain-area variability under fixed large-scale conditions.205

To maintain tractability and improve interpretability, we avoid exposing all twelve predictors206

simultaneously. Instead, we conduct five parallel experiments, each retaining a shared thermal207

backbone consisting of surface temperature, and free-tropospheric temperature. To this core set,208

each experiment adds moisture- or buoyancy-related variables, represented consistently in both the209

boundary layer and the free troposphere:210

{
PWft, PWpbl

}
,
{
𝜃𝑒,ft, 𝜃

∗
𝑒,ft, 𝜃𝑒,pbl, 𝜃

∗
𝑒,pbl

}
,
{
CRHft, CRHpbl

}
,
{
Δ𝜃𝑒,ft, Δ𝜃𝑒,pbl

}
,
{
𝜃𝐵, 𝜃𝐿

}
.
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We define 𝜃𝑒 deficits relative to saturation as211

Δ𝜃𝑒,ft = 𝜃
∗
𝑒,ft − 𝜃𝑒,ft, Δ𝜃𝑒,pbl = 𝜃

∗
𝑒,pbl − 𝜃𝑒,pbl.

𝜃𝐵 and 𝜃𝐿 are defined following Ahmed and Neelin (2018):212

𝜃𝐵 =
𝜃𝑒,pbl − 𝜃∗𝑒,ft

𝜃∗
𝑒,ft

, 𝜃𝐿 =
𝜃𝑒,ft − 𝜃∗𝑒,ft
𝜃∗
𝑒,ft

.

Note that Ahmed and Neelin (2018) average 𝜃𝑒 over the lower free troposphere (850–600 hPa), a213

thinner layer than the 850–400 hPa slab used here.214

In complementary tests, we also examine the role of𝜔500, as our dynamical predictor, to evaluate215

its contribution relative to the thermodynamic variables. These results are discussed in Appendix216

B.217

Applying symbolic regression to these targeted subsets disentangles the influence of strongly218

correlated moisture variables and reveals which set delivers the simplest yet most accurate rela-219

tionships. In combination with the generative step, this approach preserves stochastic information,220

suppresses sampling noise, and translates the reduced predictor space into concise, physically221

interpretable equations.222

b. Generative machine learning for rain-area distribution appoximation227

Rain-area exhibits substantial variability even under similar large-scale environmental conditions,228

motivating a probabilistic rather than deterministic prediction framework. We therefore aim to229

approximate the full distribution of rain-area, rather than a single value estimate, and model the230

conditional distribution 𝑝(A | XLS) using a conditional normalizing flow (CNF; Kobyzev et al.231

2020; Rezende and Mohamed 2015; Winkler et al. 2019).232

Let233

A =
(
𝐴shallow, 𝐴deep, 𝐴stratiform

)
∈ R3

denote the observed vector of rain areas associated with the three rain types, and let XLS ∈ R12
234

denote the vector of large-scale environmental variables, defined in Section 2. The training dataset235

consists of 𝑁 paired observations {(A(𝑖) ,X(𝑖)
LS)}

𝑁
𝑖=1, where A(𝑖) denotes one observed instance of236
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Symbol Name Source Layer Units
𝐴shallow Shallow precipitation area fraction TRMM Column (Retrieval) –
𝐴deep Deep convective precipitation area fraction TRMM Column (Retrieval) –

𝐴stratiform Stratiform precipitation area fraction TRMM Column (Retrieval) –
𝑃𝑊𝑝𝑏𝑙 Precipitable water (total column water vapor) ERA5 PBL integrated kg m−2

𝑃𝑊 𝑓 𝑡 Precipitable water (total column water vapor) ERA5 FT integrated kg m−2

𝐶𝑅𝐻𝑝𝑏𝑙 Column relative humidity ERA5 PBL integrated –
𝐶𝑅𝐻 𝑓 𝑡 Column relative humidity ERA5 PBL integrated –
𝜃𝑒,𝑝𝑏𝑙 Equivalent potential temperature ERA5 PBL mean K
𝜃∗
𝑒,𝑝𝑏𝑙

Saturated equiv. potential temperature ERA5 PBL mean K
𝜃𝑒,ft Equivalent potential temperature ERA5 FT mean K
𝜃∗
𝑒,ft Saturated equiv. potential temperature ERA5 FT mean K
𝑇𝑠 Near-surface air temperature (2 m) ERA5 Surface K
𝑇𝑓 𝑡 Free-tropospheric temperature ERA5 FT mean K
𝜔500 Vertical velocity at 500 hPa ERA5 500 hPa level Pa s−1

SST Sea surface temperature ERA5 Surface (ocean) K
CAPE Convective available potential energy ERA5 Column (diagnostic) J kg−1

Δ𝜃𝑒, 𝑓 𝑡 Free-tropospheric 𝜃𝑒 deficit (e.g., 𝜃∗
𝑒, 𝑓 𝑡

− 𝜃𝑒, 𝑓 𝑡 ) ERA5 FT mean K

Table 1. List of rain fraction variables obtained from TRMM retrievals, and large scale atmospheric variables

used in the analysis and obtained from the ERA5 reanalysis. All ERA5 variables are interpolated to TRMM

overpass time. PBL denotes planetary boundary-layer averages; FT denotes free-tropospheric averages above

the diagnosed PBL (exact pressure bounds follow the Methods).

223

224

225

226

rain-area vector from TRMM and X(𝑖)
LS denotes the corresponding large-scale environmental state237

from ERA5.238

Our objective is to approximate the true conditional distribution 𝑝(A | XLS) with a parametric239

model 𝑝𝜙 (A | XLS). The true distribution is unknown and accessible only through a finite set of240

observed rain-area samples. Learning an accurate approximation is desirable for generating new241

rain-area realizations that are statistically consistent with the observed variability under a given242

large-scale state. Such realizations allow us to characterize conditional variability and to compute243

statistics beyond point estimates.244

Constructing this approximation is challenging because the conditional distribution 𝑝(A | XLS)245

is multi-dimensional and cannot be easily expressed in closed form. The role of the CNF is to246

provide a flexible parameterization of 𝑝𝜙 (A | XLS) that can be learned directly from data through247

likelihood-based training. This is achieved by defining the model distribution implicitly via an248

invertible transformation of a simple, well-characterized base distribution. In this work, the base249

distribution is a standard multivariate normal, 𝑝Z(z) =N(0, I), from which samples are transformed250

to the target distribution 𝑝𝜙 (A | XLS), as shown in Fig. 1. Once trained, this representation permits251

efficient generation of rain-area realizations consistent with the learned conditional distribution.252
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The mapping between the base distribution to the target distribution is defined through an253

invertible and differentiable function254

𝑓𝜙 : (A,XLS) ↦→ z,

which transforms latent samples z into rain-area realizations conditioned on the large-scale state255

XLS. The inverse mapping256

A = 𝑓 −1
𝜙 (z,XLS)

allows computation of the exact likelihood for observed rain-area samples. The bijectivity of 𝑓𝜙257

for fixed XLS ensures that the model admits an explicit conditional density and permits efficient258

generation of rain-area realizations for any prescribed large-scale state.259

Model parameters 𝜙 are learned by maximum likelihood estimation, fitting 𝑝𝜙 (A | XLS) to the260

observed data. Because the CNF defines 𝑝𝜙 implicitly through an invertible transformation of a261

known base distribution, the conditional log-density of an observed rain-area sample A given XLS262

can be evaluated exactly using the change-of-variables formula:263

log 𝑝𝜙 (A | XLS) = log 𝑝Z
(
𝑓𝜙 (A,XLS)

)
+ log

����det
(
𝜕 𝑓𝜙 (A,XLS)

𝜕A

)���� .
The training objective is to maximize the sum of this log-likelihood over all training samples.264

The mapping 𝑓𝜙 is implemented using a conditional masked autoregressive flow (MAF, Papa-265

makarios et al. 2017), in which the autoregressive structure operates over the components of A.266

Conditioning on XLS is incorporated via a learned context vector that modulates each transformation267

layer. Architectural details are provided in SI.268

Once training is accomplished, samples are generated from the learned conditional distribution269

𝑝𝜙 (A | XLS). To distinguish these model-generated realizations from the observed data, we denote270

them by Â. Specifically, samples are obtained by drawing z( 𝑗) ∼ N(0, I) and applying the inverse271
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transformation for a given large-scale state X(𝑖)
LS:272

Â(𝑖, 𝑗) = 𝑓 −1
𝜙

(
z( 𝑗) ,X(𝑖)

LS
)
=


𝐴
(𝑖, 𝑗)
shallow

𝐴
(𝑖, 𝑗)
deep

𝐴
(𝑖, 𝑗)
stratiform


. (1)

Each sample Â(𝑖, 𝑗) represents one realization drawn from 𝑝𝜙 given X(𝑖)
LS. Repeating this procedure273

𝑀 times yields Monte Carlo estimates of conditional mean implied by the model. For example,274

𝐴
(𝑖)
shallow =

1
𝑀

𝑀∑︁
𝑗=1

𝐴
(𝑖, 𝑗)
shallow, (2)

with analogous expressions for deep and stratiform rain-area. Collecting Ā yields a noise-reduced275

dataset,276

D =

{
X(𝑖)

LS, 𝐴
(𝑖)
shallow, 𝐴

(𝑖)
deep, 𝐴

(𝑖)
stratiform

}𝑁
𝑖=1
,

which serves as input for downstream equation discovery (Section c). For notational simplicity,277

we drop the superscript (𝑖); all rain-area quantities should be interpreted as conditional means278

estimated from the CNF model given XLS.279

c. Equation Discovery280

We translate the estimated means (e.g.
{
XLS, 𝐴𝑑𝑒𝑒𝑝

}
) into compact analytic relationships using281

symbolic regression. Specifically, we apply a python symbolic regression (PySR, Cranmer 2023),282

which employs genetic programming to search a user-defined library of functions for expressions283

that minimize error while penalizing unnecessary complexity. Symbolic regression has been284

successfully used to derive closed form equations for cloud fraction modeling (Grundner et al.285

2024), ocean turbulent mixing (Zanna and Bolton 2020) and ocean eddy diffusivity (Sane et al.286

2025).287

For each rain-area (e.g., 𝐴shallow, 𝐴deep), we apply symbolic regression using PySR, fitting separate288

models for each target. We sweep over a range of expression depths and operator sets, and repeat289

the regression five times with different random seeds to ensure robustness. This procedure is290

performed across all experimental input sets defined in Section 2.a.b, allowing us to (i) identify291
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which set of input variables is most predictive across all three rain-areas, and (ii) reduce sensitivity292

to stochastic variability in the optimization.293

The output is a Pareto front of candidate formulas (Fig. S1; see also Beucler et al. 2025),294

each representing a trade-off between model complexity and accuracy. From this front, we select295

representative ”elbow” solutions that offer a favorable interpretability-performance balance. These296

are typically compact expressions with one or two additional terms beyond the simplest model. In297

addition to accuracy, we prioritize equations that include terms which appear consistently across298

runs with different random seeds. These selected equations can optionally be fine-tuned to improve299

their predictive performance following the approach of Grundner et al. (2024).300

4. Results301

a. Estimating the Joint Distribution of Rain Areas302

We begin by evaluating how well the CNF reproduces the marginal and joint distributions of303

rain area for each rain type. Fig. 2 compares the observed and CNF predicted histograms of rain304

area for shallow convective (left), deep convective (center), and stratiform (right) types. For each305

environmental condition in the test set, we generated one sample (a triplet of rain type areas) from306

the CNF, mimicking the single-pass sampling characteristic of satellite observations. The model307

accurately reproduces the bulk of the distribution across all three rain types. For deep convection,308

the predicted distributions exhibit slightly heavier tails than observed, particularly for large-area309

events (𝐴𝑑𝑒𝑒𝑝 ≳ 15%) with frequencies below 102. This suggests the model slightly overestimates310

the likelihood of extreme spatial coverage, while still retaining high fidelity in reproducing overall311

statistical structure. For a complementary diagnostic, we present empirical CDFs of rain areas by312

rain type (Fig. S2), showing that the predicted distributions match the observed ones well across313

shallow, deep, and stratiform rain types, including at the distribution tails. Minor discrepancies are314

visible: the predicted CDF for deep convection slightly overestimates mid-range rain areas, while315

shallow rain is marginally shifted toward higher area fractions, both consistent with the model’s316

tendency to slightly overpredict area in less frequent regimes.317

We now analyze the joint distribution of convective rain area, defined as the sum of the shallow318

and deep components, and stratiform rain area. Fig. 3 compares the observed (left) and predicted319

(right) two-dimensional histograms of convective area versus stratiform area, with color indicating320
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Fig. 2. Marginal distribution of a) shallow, b) deep convective, and c) stratiform rain areas. Blue indicates

observed data, and orange represents the CNF generated distribution.

325

326

Fig. 3. Joint distribution of convective (shallow + deep) and stratiform rain area a) from observation and b)

reconstructed by CNF. Color indicates number of occurrence in each bin.

327

328

number of occurrence for each bin in the joint plot. The model accurately reproduces the overall321

structure of the joint distribution, capturing the dense core centered around moderate stratiform322

area (0–20% of the grid) and convective area between 0–10%. It also captures the skewed triangular323

shape, where stratiform area reaches much larger values ( 80%).324

To further examine structural relationships among three rain area components, we analyze the329

conditional means predicted by the CNF model. For each environmental condition, 300 samples330

are drawn and averaged to estimate the expected rain areas, 𝐴𝑠ℎ𝑎𝑙𝑙𝑜𝑤, 𝐴𝑑𝑒𝑒𝑝, 𝐴𝑠𝑡𝑟𝑎𝑡 (see Sec. 3.b.2331

and Eq. (2) for more detail). Fig. 4.a reveals two distinct bands in the joint distribution of stratiform332

and convective (the sum of shallow and deep) rain area. The upper band shows a strong positive333

correlation with a slope of 𝛽 = 0.14, while the lower band exhibits a much weaker slope of 𝛽 = 0.03.334

This bimodal structure suggests the presence of two regimes: one in which convective component335
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occupy larger fraction of stratiform thus the covariance between the two is larger, and another336

in which stratiform rain extends more strongly for a small increase in convective area. When337

the analysis is restricted to the tropical belt between 20°S and 20°N, the lower branch largely338

disappears, and the data collapse onto a single dominant band with slope 𝛽 = 0.14 (shown in339

Fig. S3). This transition suggests that the distinction between the two regimes is partly latitudinal340

in origin, with the stronger convective–stratiform coupling more prominent in the deep tropics.341

A similar bimodal pattern has been reported in observational data by Schumacher and Funk342

(2023), who identified two distinct groupings of stratiform and deep convective rain area using343

GPM DPR data over 1◦ × 1◦ grid cells. Their “Regime 1,” associated with a higher convective344

fraction, was found primarily in the tropics, while “Regime 2,” with lower convective contributions,345

dominated the extratropics. Although their grid resolution differs from ours and they consider only346

deep convection (excluding shallow convection), the emergence of similar regimes strengthens the347

interpretation that distinct dynamical processes underlie these patterns and our CNF can reproduce348

this pattern. Elsaesser et al. (2022) report that sustaining or growing stratiform anvils requires a349

system convective area fraction of approximately 15%, consistent with our finding of 𝛽 ≈ 0.14 for350

the upper band.351

Fig. 4.b displays the relationship between deep and shallow convective rain area. Unlike the352

convective–stratiform case, their association is weaker and more diffuse, with most values clustered353

below 5% area. The dominant concentration (a bright orange core centered around 2–3% for both354

rain types) is largely driven by the tropical belt between 20°S and 20°N (see Fig. S3.b). Outside355

this region, the joint distribution becomes broader and less organized. Overall, compared to Fig,356

4.a, shallow and deep convective areas exhibit a much weaker correlation.357

This weak correlation can be partly attributed to differences in how deep and shallow convection358

are defined in the TRMM precipitation radar classification. Deep convection is identified based on359

strong radar echos, typically associated with intense updrafts and often spatially close to regions360

of stratiform rain. Shallow convection, by contrast, consists of isolated, low-topped cells with361

minimal vertical development and frequently occurs independently of deep systems. These two362

modes reflect distinct dynamical regimes that arise from differences in large-scale environmental363

conditions, even if those differences are subtle. Investigation of the underlying mechanisms is364
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Fig. 4. Panels show two-dimensional histograms of rain areas predicted by the CNF model (means) and by the

equation-discovery (Eq-Disc) model. The left panels (a, c) depict total convective area (deep + shallow) versus

stratiform area, while the right panels (b, d) show deep versus shallow convective area. Color indicates frequency

on a logarithmic scale. In panels (a) and (c), the black and gray dotted lines represent linear regressions between

total convective and stratiform areas, with the estimated slopes shown in the legend.

367

368

369

370

371

beyond our scope, but the CNF’s ability to reproduce these regimes without explicit training365

demonstrates the fidelity of its learned distribution.366

b. Discovered Relationships372

We now examine how large-scale environmental conditions relate to the mean of the conditional373

joint distribution of rain areas using equation discovery. To ensure interpretability and physical374

consistency, we constrain the equation discovery process to use parallel variables for the boundary375

layer and free troposphere. In our primary experiment, we include 𝜃𝑒 and 𝜃∗𝑒 for both layers376 {
𝜃𝑒,ft, 𝜃

∗
𝑒,ft, 𝜃𝑒,pbl, 𝜃

∗
𝑒,pbl

}
along with 𝑇𝑆, and 𝑇 𝑓 𝑡 . We additionally test the inclusion of 𝜔500 as a377

large-scale dynamical predictor. However, 𝜔500 is not a purely prognostic environmental variable;378

it is, in part, a response to the occurrence of convection. Using 𝜔500 to predict the spatial extent379

of rain therefore risks a causality issue: convection can drive large-scale ascent or be strongly380
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coupled to it in quasi-equilibrium, yet the equation discovery would use that ascent to estimate381

the area of convection itself. Consistent with this caution, Retsch et al. (2022) used explainable382

AI applied to radar–reanalysis data over Darwin and found that mid-level vertical velocity is the383

single most influential large-scale predictor of total convective area, while noting the bidirectional384

coupling between convection and 𝜔. In addition, Miller et al. (2025) show that mid-level vertical385

velocity emerges as the most important predictor for the deep-convection trigger function in a386

probabilistic ML framework. To avoid conflating association with causation while still assessing387

the role of 𝜔500, the main text reports equation discovery results excluding 𝜔500; for completeness,388

the corresponding results including 𝜔500 are provided in Appendix B.389

We emphasize that we do not assume a strictly one-way causal relationship between the large-scale390

environment and convection. It is well established that convection and its environment interact391

continuously and modify one another (Holloway and Neelin 2009), with feedbacks operating392

across a range of spatial and temporal scales. In this study, however, we adopt a pragmatic working393

assumption that, at the coarse spatial scale of 2◦×2◦ and over the short temporal window considered394

here (approximately one hour), the large-scale environmental fields are only marginally modified395

by the ongoing convection. Under this assumption, the environmental variables can be interpreted396

as providing a useful description of the background state in which convection occurs, even though397

they may already reflect some degree of convective influence. The relationships identified in this398

work should therefore be interpreted as conditional and statistical, rather than strictly causal, and399

as representative of co-variability at the chosen spatial and temporal scales.400

We also explored alternative predictor sets, including precipitable water, CRH, and buoyancy-401

like terms following Ahmed and Neelin (2018). Among these, CRH combined with 𝜔500 showed402

great predictive skill, though its performance was weaker for shallow convection and the resulting403

expressions were substantially more complex. For reasons of parsimony, interpretability, and com-404

parable accuracy, we therefore focus on the 𝜃𝑒-based equations as our primary results. Additional405

results and details from the alternative predictor sets are provided in the Supplementary Materials406

and in Appendix B. Section 4.b.1 to 4.b.3 summarizes the best-performing equations, chosen for407

their balance of simplicity, accuracy, and physical interpretability. In the remainder of this section,408

we compare the predicted joint distribution from discovered equations against those from the CNF.409
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Fig. 5. Two-dimensional histograms illustrating the relationship between the trigger and scaling terms that

control shallow convective rain area in Eq. (3). The horizontal axis shows the trigger term, and the vertical axis

shows the scaling term. Color shading indicates the shallow convective rain area within each bin. The left panel

shows areas computed directly from Eq. (3), while the right panel shows the mean areas from the CNF model.

424

425

426

427

Fig. 4.c and d show the joint distributions predicted by discovered equations. Panel c, which410

plots total convective versus stratiform area, captures the two distinct modes observed in the CNF-411

based distribution (Fig. 4.a). The slopes of the two regimes (𝛽 = 0.13 and 𝛽 = 0.04) closely match412

the CNF predictions, indicating that the low-dimensional equations reproduce the distribution’s413

structure. Compared to CNF, the equation’s predictions show a tighter spread around the dominant414

modes, suggesting more constrained variability.415

Panel d shows the joint distribution of deep and shallow convective areas. The main probability416

concentration is well reproduced, though the discovered equation slightly overestimates the core417

density and shows a narrower spread. The equations capture the dominant statistical structure of the418

learned rain-area distributions, supporting their use as interpretable reduced-form representations419

of precipitation behavior. We further assess skill using the coefficient of determination (R2)1
420

between the equations and CNF-derived means, obtaining values of 0.85, 0.89, and 0.88 for421

shallow, deep, and stratiform rain areas, respectively.422

1) Shallow Convective Rain Area423

The discovered equation for shallow area, Eq. (3), expresses the mean fractional area of shallow428

rain as the product of two dimensionless factors.429

1𝑅2 measures the skill of prediction, with a value of 1 indicating perfect prediction and 0 indicating no skill beyond predicting the mean, and
negative values indicating worse performance than simply predicting the mean.
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𝐴shallow = 𝑎0

(𝑎1𝜃
*
𝑒,ft − 𝜃

*
𝑒,pbl

𝜃*
𝑒,ft

) ( 𝜃𝑒,pbl − 𝜃*
𝑒,ft

𝜃*
𝑒,ft

+ 𝑎2
𝜃*
𝑒,ft − 𝜃0

𝜃*
𝑒,ft

)+
(3)

where (𝑥)+ ≡ max(0, 𝑥), and 𝑎0 = 4.7×102, 𝑎1 = 1.05, 𝑎2 = 1.4, 𝜃0 = 302K. The two factors are430

a scaling term and a trigger term, with the latter determining when shallow convection is active.431

Within the trigger term,
𝜃𝑒,pbl−𝜃∗𝑒,ft

𝜃∗
𝑒,ft

represents a dimensionless boundary-layer buoyancy surplus,432

measuring how much the the boundary-layer equivalent-potential temperature exceeds the satura-433

tion value aloft. A moist, well-mixed boundary layer capped by a cool free troposphere (small434

𝜃∗
𝑒,ft) makes this term large and positive, indicating sufficient buoyancy for up-drafts. The second435

term
𝜃*
𝑒,ft−𝜃0

𝜃*
𝑒,ft

, scaled by the fitted coefficient 𝑎2 ≃ 1.4, depends only on the temperature of the436

free troposphere, given that 𝜃0 is a constant. As the free troposphere warms, this second term437

increases. With 𝑎2 > 1, this enhanced warm-layer contribution, while keeping 𝜃𝑒,pbl fixed, more438

than compensates for the simultaneous reduction in boundary-layer surplus. As a result, the sum439

is more likely to be positive, activating the trigger.440

since 𝑎2 > 1, a warmer free troposphere strengthens the second term faster than it erodes the441

boundary-layer-surplus term at fixed 𝜃𝑒,𝑝𝑏𝑙 , lowering the activation threshold and making triggering442

more likely. A colder free troposphere weakens the second term and raises the activation threshold.443

In practice, this formulation allows shallow rain area to expand when a moist boundary layer444

lies beneath either a cool inversion (given sufficient BL moisture) or a moderately warm free445

troposphere, while suppressing shallow convection when the boundary layer is dry.446

The scaling term in Eq. 3,
𝑎1 𝜃

∗
𝑒,ft−𝜃

∗
𝑒,pbl

𝜃∗
𝑒,ft

, depends only on the saturation equivalent potential447

temperature, and thus on temperature at fixed pressure. With the fitted value 𝑎1 > 1, this ratio448

remains positive and increases as the free troposphere becomes warmer than the boundary layer,449

indicating greater lower-tropospheric stability. Normalizing by 𝜃∗
𝑒,ft renders the term dimensionless450

while preserving its interpretation as a stability weight. A more stable free troposphere suppresses451

deep updraft growth and favors a larger fractional area of shallow convection that detrains in the452

lower free troposphere.453

Together, the scaling and the trigger terms capture the observed behavior of trade-wind cumuli,454

where extensive shallow convective area is favored when a strong inversion overlies a moist455

boundary layer that remains buoyant enough to penetrate the capping layer, while deep convection456
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is suppressed. Previous observational studies reach overlapping but not identical conclusions:457

trade-wind studies emphasis boundary-layer moist entropy and lower-tropospheric stability (Bony458

et al. 2020; Schulz et al. 2021), whereas the RICO analyses identify lower–free-tropospheric459

humidity as the primary control (Nuijens et al. 2009). Eq. (3) contains no free-tropospheric460

humidity predictor, but it captures the boundary-layer moist entropy via 𝜃𝑒,𝑝𝑏𝑙 and the lower-461

tropospheric stability via 𝜃∗
𝑒,ft − 𝜃

∗
𝑒,pbl. In this sense, the explicit, thresholded form distills these462

controls into a single quantitative predictor of shallow-rain area.463

Fig.5 maps each environmental sample into (trigger, scale)-space and colors the point by the464

resulting shallow-convective area. The area is near zero for negative trigger values, then increases465

once the trigger becomes positive, with larger scale values amplifying the growth. The analytic466

prediction (panel a) closely matches the CNF response (panel b), with only slight overestimation at467

the largest values, indicating that the compact equation captures both the activation threshold and468

magnitude learned by the CNF.469

2) Deep Convective Rain Area:470

Eq. (4) links large-scale thermodynamic conditions to deep convective rain-area, 𝐴deep,471

𝐴deep = 𝑏0

(
𝜃𝑒,pbl − 𝜃∗𝑒,ft + 𝜃𝜖
𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃𝜖

)+
+ 𝑏1

(
𝜃∗
𝑒,pbl − 𝜃1

𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃2

− 𝑏2

)+
(4)

with 𝑏0 = 2.1, 𝑏1 = 0.35, 𝑏2 = 7.9, 𝜃𝜖 = 1K, 𝜃1 = 164K, 𝜃2 = 9K.472

In this equation the first term models the boundary-layer buoyancy surplus versus free troposphere479

dryness. The numerator, 𝜃𝑒,pbl − 𝜃∗𝑒,ft +1 (K), represents the thermodynamic contrast between the480

boundary layer and the saturated free troposphere, and thus the buoyancy of a rising parcel. The 𝜃𝜖 =481

1 K offset arises naturally from the equation-discovery procedure as part of the optimal functional482

form, rather than being imposed a priori. A closely related buoyancy contrast, without this constant483

term, was previously proposed by Ahmed and Neelin (2018) in their model of precipitation. The484

denominator, 𝜃∗
𝑒,ft − 𝜃𝑒,ft, scales the surplus by the free-tropospheric saturation deficit, suppressing485

convection when the mid-troposphere is too dry. Multiplication by the fitted gain 𝑏0 (∼ 2.1)486

amplifies the response once this “buoyancy-over-dryness” ratio exceeds zero. Physically, the term487

turns on when the PBL can supply parcels that remain positively buoyant after penetrating the488
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Fig. 6. Two–dimensional histograms illustrating the individual terms and overall performance of the deep-

convection closure, Eq. (4). All panels use the free-tropospheric saturation deficit (K) on the x-axis. The y-axis

shows the boundary-layer buoyancy surplus (K) in panels (a), (c) and (d), and the saturation value 𝜃∗
𝑒,pbl in panel

(b), consistent with the variables appearing in each term of the equation. Each bin (Δ𝑥 = Δ𝑦 = 0.3K) aggregates

all samples within it; color indicates the mean rain area per bin. (a) Contribution of the buoyancy-over-dryness

term; (b) contribution of the humidity gate; (c) deep-convective area predicted by Eq. (4); and (d) by the CNF.

473

474

475

476

477

478

entraining free troposphere (Ahmed and Neelin 2018). As in the numerator, the 1K offset in the489

denominator is determined by the equation-discovery algorithm.490

The second term,
(

𝜃∗
𝑒,pbl−𝜃1

𝜃∗
𝑒,ft−𝜃𝑒,ft+𝜃2

− 𝑏2

)+
serves as a humidity gate. The numerator 𝜃∗

𝑒,pbl − 𝜃1 in-491

creases with boundary-layer temperature, boosting the term when the sub-cloud layer is energetic.492

The denominator 𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃2 is the mid-tropospheric saturation deficit, padded by 𝜃2 ≃ 9K to493

avoid singular behavior near saturation and also to scale down the numerator. Because the numer-494

ator depends on boundary-layer conditions while the denominator depends on free-tropospheric495

dryness, the ratio functions as an inverse-dryness index and becomes large when the PBL is warm496

and the free troposphere is relatively humid, but shrinks rapidly as the free troposphere dries.497

Since both the first and second terms depend on the FT saturation deficit, sufficiently dry mid-498

tropospheric conditions drive both terms to zero. Consequently, deep convective area can only499

expand when the mid-troposphere is sufficiently moist to limit entrainment-driven dilution, making500

explicit the moisture control predicted by entraining-plume theory.501

In Eq. (4) the first term carries the buoyancy signal through the actual boundary-layer value502

𝜃𝑒,pbl, while the second term operates as a humidity boost term built around the saturation quantity503

𝜃∗
𝑒,pbl. Although its numerator depends only on temperature, the second term remains sensitive504

to column moisture through its denominator, the free-tropospheric saturation deficit. In hot–dry505

environments, both numerator and denominator increase together, keeping the ratio small and the506
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term effectively shut off. When the mid-troposphere is humid, the deficit shrinks, the ratio grows,507

and the second term activates, reinforcing the buoyancy surplus supplied by the first term. With the508

fitted coefficient 𝜃2 > 1 the second term even relaxes slightly in moderately warmed yet still-humid509

mid-levels, consistent with the persistence of deep convection in “moist-mode” conditions, while510

still shutting down in hot, dry regimes. Hence, the compact formulation balances temperature and511

dryness without double-counting boundary-layer moisture, preventing spurious deep-convection512

activation and capturing the environments that favor it.513

We visualize the terms in Eq. (4) to evaluate how each term maps the environmental phase space514

into deep-convective rain area. Fig. 6.a isolates the buoyancy–dryness contribution 𝑏0
[
(𝜃𝑒,pbl −515

𝜃∗
𝑒,ft+𝜃𝜖 )/(𝜃

∗
𝑒,ft−𝜃𝑒,ft+𝜃𝜖 )

]+. The signal is confined to the upper-left corner of phase space, where516

the boundary-layer surplus 𝑦 = 𝜃𝑒,pbl−𝜃∗𝑒,ft is positive and the free-tropospheric deficit 𝑥 = 𝜃∗
𝑒,ft−𝜃𝑒,ft517

is small. Here the ratio inside the trigger operator is largest and the term approaches its fitted ceiling518

(∼ 3% area). Once the deficit exceeds ∼ 8 K or the surplus turns negative, the term collapses,519

confirming that boundary-layer buoyancy alone cannot sustain deep convection when mid-level520

dryness is appreciable. Fig. 6.b shows the second term 𝑏1
[
(𝜃∗
𝑒,pbl − 𝜃1)/(𝜃∗𝑒,ft − 𝜃𝑒,ft + 𝜃2) − 𝑏2

]+.521

This term is amplified in warm boundary layers (high 𝜃∗
𝑒,pbl) and confined to small to moderate522

deficits; the 9 K buffer in the denominator damps the response beyond 𝑥≈8 K.523

Fig 6.c, which combines the two analytic terms, reproduces the CNF pattern shown in Fig. 6.d: a524

fan-shaped lobe of high deep-convective area centered on 𝑥 < 5 and 𝑦 > 0 (K). Apart from a slight525

under-prediction for 𝑥 ≈ 8–10 K, where the CNF retains a faint tail, the activation boundary and526

the amplitude gradient align closely, giving an overall correspondence of 𝑅2 = 0.89 between the527

analytic closure and the CNF predictions.528

We additionally test how much predictive power each term of Eq. (4) carries on its own by529

re-fitting the closure using only one term at a time. Retaining the buoyancy–dryness term alone530

lowered the skill from 𝑅2 = 0.89 to 0.65; keeping only the humidity gate still achieved 𝑅2 = 0.84,531

but the tail of the distribution, high rain area at small saturation deficits and positive boundary-532

layer surplus, was poorly reproduced (not shown). Thus the second term explains most of the bulk533

variance, while the first term is essential for matching the high-intensity tail and restoring the full534

predictive skill of the two-term formulation.535
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Fig. 7. Similar to Figure 6 but for stratiform rain area following Eq. (5)

3) Stratiform Rain Area:536

The fitted expression for stratiform rain area is:537

𝐴strat = 𝑐0

(
𝜃𝑒,pbl − 𝜃∗𝑒,ft
𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃𝜖

)+
+ 𝑐1

(
𝜃∗
𝑒,ft + 𝜃3

𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃𝜖

− 𝑐2

)+
(5)

where 𝑐0 = 22, 𝑐1 = 0.41, 𝑐2 = 34, 𝜃3 = 19.2 K, 𝜃𝜖 = 1 K.538

The first term in Eq. (5), 𝑐0

(
𝜃𝑒,pbl−𝜃∗𝑒,ft
𝜃∗
𝑒,ft−𝜃𝑒,ft+𝜃 𝜖

)+
, is structurally identical to the buoyancy–dryness term539

discovered for deep convection, except that the +1 K buffer is not present in the numerator and540

the fitted gain is much larger (𝑐0 ≈ 22 versus 𝑏0 ≈ 2); this expression requires a strictly positive541

surplus to trigger. Physically, this term switches on only in environments where boundary-layer542

parcels would remain buoyant after penetrating a still–humid mid-level layer; conditions typically543

found in or near the active convective cores that give rise to stratiform shields (Houze 1997). The544

large coefficient 𝑐0 compensates for the relatively small buoyancy surplus, scaling it up such that545

it matches the observed, often extensive, stratiform rain area. Under moist conditions, a modest546

buoyancy signal is thus amplified roughly tenfold relative to the deep-convection case, consistent547

with the observed fraction of stratiform area.548

The second term operates purely as a mid-tropospheric humidity trigger term: 𝑐1

(
𝜃∗
𝑒,ft+𝜃3

𝜃∗
𝑒,ft−𝜃𝑒,ft+𝜃 𝜖

−549

𝑐2

)+
. Both numerator and denominator refer to the same free-tropospheric layer, so the bracket is550

an inverse-dryness index. Because the denominator 𝜃∗
𝑒,ft − 𝜃𝑒,ft appears with only a 1K buffer, the551

ratio becomes large when the layer is nearly saturated. Yet even a modest increase in deficit rapidly552

drives the expression toward zero, as shown in Fig. 7.b where large values are confined to the left-553

most column of the phase space. The constant 𝜃3 raises the numerator so that moderately warm554
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mid-level temperatures (𝜃∗
𝑒,ft∼300–320K) can still meet the threshold, while the large subtraction555

𝑐2 = 34 K enforces a strict moisture requirement.556

Multiplication by 𝑐1 = 0.41 keeps the contribution modest in absolute terms, yet, because the557

inverse-dryness bracket can reach O(102) when the deficit is ≲1 K, the term attains its maximum558

along the saturated edge and then dies off sharply with increasing dryness. Thus the term selectively559

boosts stratiform rain area in environments where the free troposphere is already moist, typical560

of the anvils and trailing stratiform clouds produced by mature convective systems, while leaving561

drier columns to be handled by the buoyancy–dryness addend.562

Fig. 7 dissects the stratiform-rain area equation in Eq. (5). Panel (a) shows the buoyancy–dryness563

term, which contributes only when the boundary-layer surplus is positive and the free-tropospheric564

deficit is small; its contribution is thus confined to a thin wedge in the upper-left corner of phase565

space. Panel (b) isolates the humidity gate; because both numerator and denominator use free-566

tropospheric variables, its value depends almost exclusively on the saturation deficit x. The bright567

vertical stripe at 𝑥 ≲ 2K confirms that the gate activates only in nearly saturated mid-levels and is568

indifferent to the boundary-layer surplus plotted on the y-axis of the other panels. Adding the two569

contributions (panel c) reproduces the CNF prediction in panel (d): a broad plateau of 40–70 %570

stratiform area for very small deficits, tapering rapidly as dryness increases.571

c. Sensitivity of Rain Area Terms to SST and Thermodynamic State572

To diagnose the dependence of the analytic closures on large scale conditions, we project580

Eqs. (3) and (4) onto a two parameter phase space defined by SST and the saturation equivalent581

potential temperature contrast Δ𝜃∗𝑒 ≡ 𝜃∗𝑒,pbl − 𝜃
∗
𝑒,ft, which measures convective inhibition between582

the boundary layer and the free troposphere. Equation (5) is analyzed separately using a different583

parameter pair. SST serves as a proxy for the background climate state and surface turbulent584

forcing of the boundary layer (Rieck et al. 2012; Zelinka et al. 2013), while Δ𝜃∗𝑒 is closely related to585

lower tropospheric stability (Klein and Hartmann 1993; Klein 1997; Wood and Bretherton 2006;586

Wood and Hartmann 2006), with more negative values indicating a more stable free troposphere587

relative to the boundary layer. The two axes are dynamically coupled through convective and wave588

activity. When convection is active, boundary-layer and free-tropospheric anomalies are tightly589
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Fig. 8. Figure shows sensitivity of convective rain areas to surface temperature and atmospheric stability. All

subplots share the same axes: x-axis is sea-surface temperature (SST, K); y-axis is Δ𝜃∗ = 𝜃∗
𝑒,𝑝𝑏𝑙

− 𝜃∗
𝑒, 𝑓 𝑡

(K).

Points are 2-D bins coloured by the mean value of the indicated analytic term; higher (warmer) colours denote

larger positive values. A solid black contour marks the zero line of the corresponding trigger operator, i.e. where

the term switches from inactive to active. (a) Shallow-convection trigger term (Eq. (3), second bracket). (b)

Shallow-convection scaling term (always-positive prefactor in Eq. (3)). (c) Deep-convection buoyancy–dryness

term (first term in Eq. (4)). (d) Deep-convection humidity gate (second term in Eq. (4))

573

574

575

576

577

578

579

linked, whereas under suppressed convection the free troposphere evolves more independently,590

allowing large positive Δ𝜃∗𝑒 to persist despite surface warming.591

Fig.8.a displays the trigger term in Eq. (3). This term is positive over nearly the entire phase592

space; it is modulated primarily by SST and therefore exhibits a strong horizontal gradient, with593

higher values at warmer SSTs. Physically, warmer ocean temperatures raise 𝜃𝑒,pbl relative to the594

free–tropospheric reference 𝜃∗
𝑒,ft, so the triggering condition is easily met on the warm side of595
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the diagram. The scaling term (Fig. 8.b) increases monotonically with Δ𝜃∗𝑒, amplifying shallow-596

convective area under stronger stability. The largest shallow rain areas occur under warm SSTs,597

which activate the trigger, and a stable free troposphere, which enhances the scaling term. In598

the phase–space diagrams this corresponds to the lower–right part where warm SSTs coincides599

with large positive Δ𝜃∗𝑒 (see Fig. S6.a). Hence a warming ocean combined with any process600

that enhances lower–tropospheric stability (e.g. deep convection in nearby regions, subsiding601

subtropics) will shift the system toward this favorable corner, implying a systematic expansion of602

shallow-convective area under such large-scale environmental changes.603

Figs. 8c–d show the two additive components of Eq. (4) in the (Δ𝜃∗𝑒, SST) phase space. Positive604

values are confined to warm SSTs and Δ𝜃∗𝑒 ≳ 0, expanding with surface warming and shrinking605

as free-tropospheric stability increases. Activation forms a diagonal tongue in the upper–right606

quadrant, while regions with Δ𝜃∗𝑒 < 0 are clipped to zero.607

The second term of Eq. (4) is shown in Fig. 8d. Its contribution spans a broader diagonal swath,608

extending into moderately negative Δ𝜃∗𝑒. Thus, even with some convective inhibition (Δ𝜃∗𝑒 < 0),609

a sufficiently warm and moist boundary layer beneath a moist free troposphere can still trigger610

deep convection through this pathway. The active region collapses in the lower–right corner of the611

phase space, where a warm (stable) and extremely dry free troposphere suppresses deep convection612

(Fig. S7). Because moisture deficits enter the denominator in both terms, increasing dryness613

enlarges the denominator and shuts down the positive-part contributions. This explains both the614

disappearance of deep convection in dry free-tropospheric conditions and its suppression precisely615

where the shallow-convection closure (Eq. (3)) would otherwise predict maximal rain area.616

The overall deep-convective area, then, forms a wedge that broadens with surface warming but617

contracts when free-tropospheric stability intensifies. Thus the net change in deep-convective area618

depends on the competition between SST increase (rightward shift) and any accompanying rise619

in free-tropospheric temperature (downward shift in Δ𝜃∗𝑒): warming alone broadens the active620

wedge, whereas concurrent stabilization of the FT offsets much of that expansion, leaving large621

swaths of (Δ𝜃∗𝑒 < 0) space blue and convection-free (see Fig. S6.b). Although the axes of this622

phase space do not explicitly represent humidity, supplementary analysis (Fig. S7) shows that the623

convection-free regions correspond to environments with particularly dry free tropospheres. This624

confirms that the contraction of the active wedge arises not only from stability effects but also from625
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Fig. 9. Phase-space structure of the two components that enter the stratiform-area closure (Eq. (5)). (a) First

(boundary-layer buoyancy–surplus) term; (b) Second (free-tropospheric deficit) term. Both panels are binned in

SST (x-axis) versus free-tropospheric saturated equivalent potential temperature, 𝜃∗
𝑒, 𝑓 𝑡

(y-axis). Color shading

indicates the magnitude of each term as a percentage, and black contours trace the zero line where each trigger

operator switches on.
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the co-occurring dryness of the free troposphere. Previous studies (Tompkins 2001b; Derbyshire626

et al. 2004; Tompkins and Semie 2017; Stanfield et al. 2019) show that deep convection can be627

shut down over warm oceans when updrafts entrain dry free-tropospheric air; the resulting dilution628

reduces buoyancy. Conversely, organized convective systems can create a moist “halo” that shields629

subsequent updrafts from this dry environment—a form of “moisture memory” (Tompkins 2001a).630

Importantly, observational and modeling work on deep-precipitation onset further demonstrates631

that the transition to strong deep convection typically occurs only after the free troposphere moistens632

past a critical threshold (column-integrated or mid-tropospheric RH of ∼ 70−80%, Holloway and633

Neelin 2009; Schiro and Neelin 2019). Our phase-space plots captures this circumstance: the634

blue minimum at high SST and strongly negative Δ𝜃∗𝑒 pinpoints columns where free-tropospheric635

dryness, once entrained, stops convection from deepening, yet shallow convection is favored given636

that the boundary layer is moist.637

Fig. 9 display the two contributors to the stratiform-area closure. In Fig. 9.a the color scale643

represents the first (buoyancy-surplus) term. Red shades cluster in the upper-right corner, where644

the free troposphere is warm and carries only a modest saturation deficit (see Fig. S7), while the645

PBL is still warmer/moister than 𝜃∗
𝑒,ft; under these circumstances the numerator is positive and the646
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denominator small, yielding a large positive contribution. Moving toward cooler SST or toward647

scenes with a larger FT temperature drives the ratio negative, producing the blue, inactive region.648

Fig. 9.b shows the second term, which depends only on free-tropospheric conditions. The649

numerator 𝜃∗
𝑒,ft + 𝜃3 scales directly with 𝜃∗

𝑒,ft, but the denominator 𝜃∗
𝑒,ft − 𝜃𝑒,ft + 𝜃𝜖 is more sensitive650

to changes in 𝜃∗
𝑒,ft, so that the ratio is largest when 𝜃∗

𝑒,ft is low and the FT is close to saturation.651

Consequently this term is positive (yellow–red) along the lower-left flank of the cloud of points and652

decreases to near-zero (dark blue) as 𝜃∗
𝑒,ft rises. Combining the panels, warming the surface mainly653

amplifies the first term, whereas warming or drying aloft suppresses the second; the net stratiform654

area therefore hinges on the competition between boundary-layer heating and free-tropospheric655

moistening versus large-scale FT warming (see also Fig. S7).656

Observational composites and idealized RCE/GCM experiments show that the fractional area of657

upper-tropospheric anvil cloud shrinks as SST rises and the upper troposphere stabilizes (Hartmann658

and Larson 2002; Zelinka et al. 2013; Bony et al. 2016; Saint-Lu et al. 2020; Stauffer and Wing659

2022). Ito and Masunaga (2022) extend this picture with A-Train observations, demonstrating660

that anvil cloud fraction declines monotonically with increasing upper-tropospheric stability (their661

𝑆𝑈𝑇 ) while remaining largely insensitive to precipitation efficiency. Our study, in contrast, focuses662

on present-day variability (rather than forced climate change) and on precipitating stratiform rain663

area, a lower-level, optically thicker cloud regime, rather than the thin, non-precipitating anvil664

considered in the iris literature. Despite these differences in altitude, cloud type, and metric,665

the same moisture–stability control emerges. In our phase-space plot the buoyancy-surplus term666

is boosted by warm SST only when the free troposphere is moist, whereas the FT-deficit term667

collapses as 𝜃∗
𝑒,ft and the saturation deficit grow. The resulting blue tongue at warm SST (Fig.9668

and Fig. S6.c) and high 𝜃∗
𝑒,ft echoes a similar shrinkage diagnosed by previous studies: a dry,669

highly stable lower free troposphere suppresses detrainment and horizontal spreading, whether the670

outcome is reduced high-cloud cover or diminished precipitating stratiform area.671

5. Discussion and Conclusion672

Precipitation forecasts hinge not only on intensity but on how much of a grid box is raining. Yet673

the fractional areas of shallow, deep-convective, and stratiform rain have seldom been modeled,674
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even though they dominate sub-hourly precipitation variability and set the mass flux in convection675

schemes.676

We close that gap with a two-step, data-driven framework. A conditional normalizing flow677

learns the full, stochastic joint distribution of the three rain-area fractions from large-scale ther-678

modynamic and vertical velocity predictors, preserving their co-occurrence patterns. Symbolic679

regression applied to the CNF’s conditional means distills this information into three concise680

“rain-area equations.” Each takes the form of a buoyancy–humidity trigger term that identifies the681

environmental thresholds governing shallow, deep, and stratiform area.682

For shallow convection, a buoyancy-surplus trigger and stability-based scaling reproduce its683

dependence on free-tropospheric stability and boundary-layer buoyancy. The deep convection684

expression reveals two key activation mechanisms: a buoyancy-over-dryness ratio that encapsulates685

parcel energetics relative to environmental dilution, and a humidity gate that suppresses rain area686

when the mid-troposphere is dry. The stratiform equation, by contrast, amplifies modest boundary-687

layer surpluses under near-saturated mid-levels and includes a sharp humidity threshold that isolates688

moist environments typical of mesoscale stratiform outflow. These results offer, for the first time,689

compact analytic closures for the co-occurrence of the three type rain areas of different convective690

regimes, grounded in physical intuition yet derived from high-dimensional generative models. This691

synthesis bridges observational, theoretical, and modeling perspectives and opens pathways toward692

improved understanding and representation of moist processes in weather and climate systems.693

Our approach offers a promising path toward improving the representation of convection in large-694

scale models. In mass-flux parameterizations, the convective area plays a central role in scaling695

vertical transport of energy, mass, and moisture. Yet, this area is often prescribed using fixed696

fractions or simple empirical rules, limiting the ability of current schemes to respond dynamically697

to environmental variability. Our framework offers an alternative by predicting the area fractions of698

shallow, deep convective, and stratiform rain types as functions of the large-scale state. Importantly,699

it introduces stochasticity in a physically meaningful and data-driven way by sampling from700

the conditional distribution of rain area. Modeling rain area directly provides a mechanism for701

incorporating variability into convection schemes, which has been shown in previous studies to702

improve aspects of climate model performance (Berner et al. 2017). More generally, the need to703

model convective area and its variability is becoming increasingly important as climate models704
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move toward higher resolutions and gray-zone grid spacings, where explicit convection is only705

partially resolved and accurate representation of convective area is critical.706

Beyond its potential applications in mass-flux schemes, the framework enables a more detailed707

representation of the structure of convective systems. The separation into shallow, deep, and708

stratiform rain types reflects the diversity of vertical and horizontal convection structure observed709

in satellite data. This separation may also benefit other components of Earth system models, such710

as radiative transfer schemes, which rely on information about cloud area, type, and overlap to711

compute radiative fluxes. While additional work is needed to explore these applications in detail,712

our results suggest that environmental control of rain area can offer a more flexible and physically713

consistent interface between large-scale conditions and subgrid-scale processes.714

The equations discovered here enable quantitative, process-level evaluation of precipitation struc-715

ture through direct comparison with satellite products such as TRMM and GPM, which provide716

separate estimates of shallow, deep convective, and stratiform rain area. They offer a physically717

grounded benchmark for testing whether models, including high-resolution simulations, AI-based718

emulators, and statistical downscaling methods, reproduce the spatial organization of precipitation719

across convective regimes. This capability is particularly useful for generative machine learning720

approaches, which can produce large sample sets and estimate distributional moments. Although721

conventional climate models often represent convection as a single simplified process, our frame-722

work helps diagnose mismatches between environmental conditions and the expected convective723

footprint, providing a more interpretable reference for evaluating model performance across scales.724

While this framework demonstrates that interpretable equations can be derived for rain-area725

statistics conditioned on large-scale environmental variables, important caveats remain. Many726

predictors co-vary with convection itself, complicating causal interpretation. The analysis also727

focuses on a limited set of variables and omits aspects of storm structure, such as convective728

organization, that may be important for extreme precipitation. Moreover, the present study models729

only conditional means, leaving the variance and covariance of rain areas as open questions.730

Addressing these limitations, along with incorporating organizational metrics, provides natural731

directions for future work.732
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APPENDIX A744

Assessing the Predictive Value of Rain Area745

As supplementary analysis, we assess the predictive value of rain area for rainfall rates using746

feedforward neural networks trained with identical sets of large-scale environmental predictors,747

with and without rain area included as an additional input. The networks consist of three hidden748

layers with 128, 128, and 64 units, ReLU activations, dropout regularization, and early stopping,749

and a softplus output layer to enforce non-negativity. The baseline configuration uses 12 large-scale750

environmental variables, while the augmented configuration adds rain area as a thirteenth predictor.751

This setup isolates the incremental information provided by rain area beyond that already contained752

in the large-scale state.753

We carried out these experiments both regionally and globally, training models separately for each760

of the four oceanic regions as well as on the combined dataset. We further evaluated predictive skill761

across different rainfall categories: total versus convective precipitation, and the full distribution762

(hereafter referred to as full range) versus the extremes. We define extreme precipitation by first763

binning precipitable water (PW) into intervals of 0.5 mm. Within each PW bin, we compute the764

95th percentile of the associated precipitation values and classify events exceeding this threshold as765

extremes. Comparing the predictive performance of the baseline and augmented networks provides766

a direct measure of the added value of rain area. We assess the impact of including rain-area767
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Cases Cases

Fig. A1. Precipitation Predictability With and Without Rain-Area Information. Panels show the 𝑅2 scores for

predicting rain rate averaged over the grid box without (left) and with (right) rain-area information as input. Each

point represents a different region (indicated by color), and marker shapes distinguish precipitation types: “x” for

convective-only (including shallow and deep convective) and “o” for total precipitation (including shallow, deep

convective, and stratiform). Shaded regions highlight predictions for extreme precipitation events; unshaded

areas represent predictions over the full distribution of precipitation amounts.
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information on the prediction of instantaneous precipitation by comparing two model setups: one768

without rain-area data (Fig A1, left) and one with it (right). Both setups are provided with the same769

set of 12 environmental predictors are described in section 2.b and listed in Tab. 1. The model770

variant on the right additionally receives rain-area fractions as input.771

Across all cases, the inclusion of rain area as a predictor significantly improves precipitation772

predictability. Without this input, 𝑅2 scores remain low across regions and rain types (convective-773

only and total), and for both the “Full Range” and “Extreme” subsets.774

Including rain area markedly boosts performance, particularly for the “Full Range,” with 𝑅2
775

increasing by about 0.6 for total precipitation and 0.5 for convective-only cases. This confirms the776

strong predictive power of rain-area for rain rate prediction. For extreme events, the gain is more777

modest—around 0.25 in 𝑅2 on average. In the WMP region, for example, the 𝑅2 for extremes778

increases from 0.45 to 0.65, while the full-range 𝑅2 rises more dramatically from approximately779

0.2 to 0.85.780
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The smaller improvement for extremes partly reflects their relatively higher predictability even781

without explicit rain–area information. More importantly, because extremes are defined as the up-782

per percentiles of precipitation within each precipitable water bin, this conditioning preferentially783

selects situations in which the thermodynamic environment already strongly favors intense con-784

vection. Consistent with this, the rain-area distribution evolves from a highly skewed, gamma-like785

form across all events (Fig. 2) to a more Gaussian distribution with a larger mean for extreme events,786

indicating reduced relative variability once extremes are selected. In this regime, most snapshots787

are already characterized by large rain coverage, so variations in rain area provide limited additional788

information at the grid-cell scale. Nevertheless, including rain-area information still adds value by789

conveying aspects of system size and organization. Further improvements in predicting extremes790

may therefore require descriptors that explicitly capture storm structure and convective organiza-791

tion, beyond rain area alone (Shamekh et al. 2023; Angulo-Umana and Kim 2023; Colin et al.792

2019). These results motivate the development of a model that directly represents the distribution793

of rain area as a function of environmental conditions. We also note that while rain area clearly794

emerges as a strong source of information for rain-rate prediction, part of this correspondence795

may reflect their common observational origin which includes the detailed convective state of the796

atmosphere, whereas the ERA5-based predictors provide a less direct estimate of the atmospheric797

state.798

APPENDIX B799

Role of Vertical Velocity800

Vertical velocity at 500 hPa is included in our list of candidate input variables, but it is not used801

in the main analysis. The reason is its two-way relationship with convection: on the one hand,802

upward motion drives vertical transport of moisture, cloud formation, and ultimately precipitation;803

on the other hand, the presence of strong upward motion is itself a diagnostic indicator of ongoing804

convective activity. Relying on this variable therefore risks conflating cause and effect, and could805

lead the algorithm to exploit vertical velocity as a direct proxy for convection rather than learning806

the underlying physical controls from environmental state variables.807

For completeness, however, we also examine how including vertical velocity in the input set808

affects the results. This sensitivity test provides context on the predictive power of this variable and809
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clarifies to what extent it dominates, complements, or is redundant with other large-scale predictors810

of rain area.811

In the equation discovery framework, we explicitly penalize the use of vertical velocity by assigning812

a higher complexity cost to this variable. In PySR, equation complexity is computed by summing the813

predefined complexity values of variables, constants, and operators. During Pareto optimization,814

this complexity is balanced against accuracy, and only equations that are not simultaneously more815

complex and less accurate than another are retained. This design choice ensures that the algorithm816

resorts to vertical velocity only if no other predictor provides equivalent information and if the817

added complexity remains within the allowable range. In practice, when 𝜃𝑒 is included as an input,818

the algorithm attains high predictive skill (𝑅2) without relying on vertical velocity, typically through819

simple, mostly linear relationships. Nevertheless, allowing 𝜔500 yields a modest improvement in820

skill—for example, an increase in 𝑅2 from about 0.90 to 0.92 for stratiform convection. When 𝜃𝑒821

is available, this improvement extends across the full distribution of rain-area predictions.822

For CRH, the situation is different. Including𝜔500 often allows the algorithm to identify substan-823

tially simpler expressions that still capture the key features of the rain-area distribution. Without824

access to vertical velocity, models based on CRH alone struggle to reproduce the distribution tails825

when compared with the conditional normalizing flow benchmark. In such cases, the discovered826

equations must become highly nonlinear and complex in order to approximate the extremes. By827

contrast, incorporating 𝜔500 enables both a simpler functional form and an accurate representation828

of the tails, highlighting its unique role in complementing CRH as a predictor.829

To illustrate the effect of including 𝜔500 when CRH is used as a predictor, we present two sets of830

plots showing the stratiform and convective rain-area distributions with and without 𝜔500. In ad-831

dition to the distributions, we provide the corresponding discovered equations. These side-by-side832

comparisons highlight the trade-off between simplicity and accuracy: without 𝜔500, the equations833

become more nonlinear and complex in order to capture the distribution tails, whereas including834

𝜔500 yields both simpler functional forms and yet accurate representations of the extremes.835
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Deep Convective Area with CRH:836

Expression with 𝜔500:837 (
CRHft

(
(𝑇ft −𝑇0) (CRHft −CRH𝑐) + 𝑐

)
−𝜔500

)+
(B1)

where 𝑇0 = 264.0(𝐾), 𝐶𝑅𝐻𝑐 = 0.68, 𝑐 = 1.8838

Expression without 𝜔500:839 (
CRHpbl

(
CRH2

ft

(
𝑐1CRHpbl + (𝑇ft −𝑇0) (CRH2

ft −𝐶𝑅𝐻
2
0)

)
− 𝑐2

)
+ 𝑐3

)+
(B2)

where 𝑐1 = 4.556177, ,𝑇0 = 267.3(𝐾), 𝐶𝑅𝐻0 = 0.75, 𝑐2 = 1.7, 𝑐3 = 1.3840

Stratiform area with CRH:841

Expression with 𝜔500:842

(𝜔0 −𝜔500)
(
𝑐CRHft +𝑇0 −𝑇ft

)+
(B3)

where 𝜔0 = 1.15, 𝑐 = 62.7, 𝑇0 = 233.6(𝐾).843

Expression without 𝜔500:844

𝑐0

[
𝑐1 CRH4

ft − CRH3
ft
(
𝑇0 −𝑇ft

)+ + CRHft

(
𝑇1 −𝑇ft +

𝑐2
𝑐3 −CRHft

)+]
(B4)

845

where 𝑐0 = 2.86, 𝑐1 = 7.1, 𝑇0 = 265.6(𝐾), 𝑇1 = 252.6(𝐾), 𝑐2 = 11.35, 𝑐3 = 1.32.846
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Fig. B1. Rain–area distributions predicted by equation discovery (ED) using CRH with and without 𝜔500,

compared against the CNF benchmark (blue). Left: Convective area, corresponding to the CRH-based equations
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